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We consider binary black holes (BBHs) in a hierarchical triple system where a more compact, less-massive
binary is emitting detectable gravitational waves (GWs), and the tertiary is a supermassive BH at the center
of a nuclear star cluster. As previous works have shown, the orbital motion of the outer binary can generate
a detectable relativistic Doppler boost of the GWs emitted by the orbiting inner binary. We show here that
for outer-binary orbits with a period of order one year, there can be a non-negligible probability for repeated
gravitational lensing of the GWs emitted by the inner binary. Repeating gravitational lensing events could be
detected by the LISA observatory as periodic GW amplitude spikes before the BBH enters the LIGO band. Such
a detection would confirm the origin of some BBH mergers in nuclear star clusters while non-detection could
constrain such formation channels. GW lensing also offers new testing grounds for strong gravity.
I. INTRODUCTION
Although gravitational waves (GWs) from merging binary
black holes (BBHs) have been detected [1], the astrophysi-
cal origin and path towards merger of these systems remains
a mystery. GWs emitted during inspiral and merger encode
the binary parameters: masses, mass ratios, eccentricities, and
spins. A major goal of the GW-astrophysics community is
to use the measured distributions of these parameters to infer
their astrophysical origins [e.g., Ref. 2].
For this task, binary parameters are not the only useful in-
formation that GWs can provide. GWs can also carry in-
formation on the merger environment. This can occur ei-
ther through external actors affecting the GW inspiral, such
as gas dynamics slowing or accelerating the inspiral [3–7], or
tidal effects in non-BBH inspiral [see Ref. 8, and references
therin]. The environment of the merger can also affect the ob-
served waveform without directly affecting the inspiral. Such
a situation arises through frame-dependent effects caused by
relative motion of the GW source or an intervening gravita-
tional potential resulting in relativistic Doppler boosting and
gravitational lensing of the rest-frame GWs, as well as time-
dependent gravitational redshift and the Shapiro-delay [9]. In
this work we consider such frame-dependent modulations, fo-
cusing on gravitational lensing of GWs.
Previous papers have considered Doppler boost and gravi-
tational lensing of GWs. The Doppler boost due to peculiar
velocities of GW sources, has been investigated for its degen-
eracy with the source luminosity distance [e.g., Ref. 10, 11].
Recent work has also considered the Doppler boost of GWs,
detectable in deviations from the vacuum GW phase, as an in-
dicator of orbital motion around a companion BH [9, 12–14]
or other intervening mass distributions [15].
Lensing of GWs has been considered in the wave and geo-
metrical optics limits [e.g., Ref. 16]. The lens itself has been
imagined as an intervening mass at a large distance from the
observer and from the source [e.g., Refs. 16–18], but also
as a supermassive BH (SMBH) that an inspiraling BBH or-
bits in an hierarchical triple [19]. The latter case, most rele-
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vant to this study, considers observables in the magnified GW
echoes caused by lensing-induced time delays; these calcu-
lations were carried out for a source that is stationary with
respect to the SMBH lens.
Here we consider for the first time a different lensing
regime, the case of a moving lensed source of GWs. Impor-
tantly, we find that such a system can have orders of mag-
nitude higher probabilities for lensing, exhibit a unique, and
possibly repeating magnification signature in the GW ampli-
tude, and naturally arise in BBH formation scenarios that in-
volve hierarchical triple systems with a SMBH tertiary, e.g.,
Kozai-Lidov oscillation-induced mergers [20], binary-EMRI
capture [21, 22], and, generally, the formation of binaries in
the disks of Active Galactic Nuclei (AGN) [23–26].
We estimate that BBH inspirals and mergers that occur
while a BBH is on a year-timescale orbit around a tertiary
SMBH could be detected by the Laser Interferometer Space
Antenna [LISA, 27] as exhibiting strong (factor of ∼ 1.5) pe-
riodic magnification of the GW amplitude. Depending on as-
trophysical formation channels, up to of order one percent of
all such BBHs passing through the LISA band could exhibit
repeated lensing. Detection of GW lensing would strongly
constrain the distribution of BBHs in galactic nuclei and offer
tests of gravity through GW propagation [28]. Non-detection
will help rule out formation scenarios.
This work is organized as follows. In §II we present
the probability, timescale, and magnification of GW lensing
events in a general wave-optics treatment, and for a wide
range of triple-system parameters. In §III we illustrate the
GW amplitude evolution for two example lensed systems. In
§IV we consider the astrophysical population of such triple
systems in order to gauge the detection probability of a lensed
event. In §V we discuss implications for understanding astro-
physical formation channels of BBH mergers as well as study-
ing gravity. In §VI we summarize our main conclusions.
II. LENSING REGIMES
We begin by specifying the different lensing regimes for
hierarchical triples and the probability for detecting lensing
events in these regimes. Throughout we consider a smaller
(in separation and mass) inner BBH, called binary i with ob-
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2served total mass Mi, orbital frequency fi, and mass ratio qi.
This binary orbits a larger black hole with mass ML in an
outer binary called binary o with total mass, orbital frequency,
and mass ratio,Mo, fo, qo. The chirp mass is given in terms of
the binary total mass asM = Mq3/5/(1+q)6/5, where q ≤ 1
is the ratio of the two binary masses. For a generally eccentric
orbit, GWs are emitted by the inner binary at nth harmonics
of the orbital frequency fGW,i ≡ nfi. Throughout we primar-
ily consider binaries on circular orbits where n = 2. As the
BBH passes behind the tertiary SMBH along the observer’s
line of sight, the emitted GWs are lensed. We primarily con-
sider the case where ML is a larger, SMBH tertiary and the
inner binary is one that will eventually merge in the LIGO
band. In all cases we consider only stable hierarchical triples.
We gauge stability with the criteria of Ref. [29],
fi ≥
√
qo
1 + qo
Y 3/2fo (1)
Y ≡ 1 + 3.7q−1/3o +
2.2
1 + q
1/3
o
+ 1.4q
1/3
i
q
1/3
o − 1
q
1/3
o + 1
.
A. Spatial Scales: Wave vs. Geometrical Optics
Because of the relatively long wavelength of GWs com-
pared to electromagnetic waves, the wave period can be com-
parable to the lensing time delay, in which case we must treat
lensing in the wave-optics regime [30]. The wave- and geo-
metrical optics regimes are delineated by comparing the time
delay and the GW period via the parameter [e.g., Ref. 16],
χ ≡ 8piGML
c3
fGW,i, (2)
where ML and fGW,i are the observer-frame (redshifted)
quantities. The inner-binary GW frequency fGW,i is set by
the inner-binary orbital period and eccentricity. In the limit
that χ 1, the wave-optics treatment asymptotes to the geo-
metrical optics case.
While not wholly in the geometrical optics regime, for
χ ≥ 1, lensing magnification becomes significant. Hence,
it is useful to rearrange the above equation for the frequency
above which the transition to geometrical optics begins and
significant magnification is expected,
fGW,i ≥ 0.08Hz
(
ML
105M
)−1
. (3)
This means that for GW emitting BBHs orbiting SMBH lenses
with masses above 105M, the transition from wave-optics to
geometrical optics begins before or during the evolution of the
BBH through the LISA band (∼ 10−3 Hz to 10−1 Hz for the
context of this work).
B. Timescales
We further delineate three different lensing regimes based
upon the motion of the source with respect to the lens over its
observable lifetime. The three relevant timescales are the or-
bital period of the outer binary 1/fo, the time in band, τobs,
and the time for the inner-binary GW source to cross the
Einstein radius of the lens, τlens. The resulting three lensing
regimes are
• The Repeating-Lens Regime: 1/fo . τobs
• The Slowly-Moving Lens Regime: 1/fo ≥ τobs ≥ τlens
• The Stationary-Lens Regime: 1/fo ≥ τobs ≤ τlens.
The time in band τobs is set by the time that the inner bi-
nary emits GWs above a set signal-to-noise ratio (SNR) in
all GW-bands through which the binary passes over its life-
time, and τlens ≡ rmaxE /vorb,o, where vorb,o is the orbital ve-
locity of the inner binary around the tertiary SMBH, and
rmaxE =
√
4GML/c2ao sin Io is the Einstein radius when the
inner binary (source) is directly behind the tertiary (lens), for
outer binary inclination Io [see e.g., Ref. 31].
In the repeating-lens regime we require, as a hard limit
on detection of such a flare, that the timescale constraint
τlens  f−1GW,i be satisfied. We find this only to affect very
short outer-orbital periods for small tertiary masses, which
we have already shown exhibit low magnification and, as we
show in the subsequent sections are low probability events due
to rapid decay of the inner binary into the tertiary SMBH.
C. Probabilities
The probability for the tertiary SMBH to lens GWs emitted
by the inner binary can be computed separately in each of the
above-mentioned regimes. Conservatively, we focus on the
geometrical optics limit. In the wave-optics limits, these prob-
abilities are higher [17], but as we discuss below, the magni-
fication can be lower in that case, and not as observationally
interesting. Hence, we compute the probability of a signifi-
cant lensing event in the geometrical optics limit as in Refs.
[31, 32]. To do so we define a significant lensing event as
one in which the projected distance between the GW source
and the SMBH lens falls within one Einstein radius (see rmaxE
above). The lensing probability is then computed from the ge-
ometrical cross section of the Einstein radius compared to the
total area available to the inner binary along its orbit around
the tertiary, ML:
1. In the repeating-lens regime the lensing probability is,
Prl ≈ 2
pi
sin−1
(
rmaxE
a
)
(4)
=
2
pi
sin−1
[√
4GML
c2
(2pifo)
1/3
[GMo]
1/6
]
.
This is the probability that the source, observed for one
orbit, will be inclined within one Einstein radius of the
lens. This condition sets the required outer-binary in-
clination given the outer-binary separation and the lens
mass [see Eq. (6) of Ref. 31]. The duration of strongly
lensed emission in this regime is given approximately
by 0.5PrlPo.
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FIG. 1: Contours of the lensing probability P delineated into the
three lensing regimes discussed in the text (marked by the solid white
lines). The vertical axis denotes the orbital frequency of the outer bi-
nary and the horizontal axis denotes the mass of the tertiary BH that
the inspiraling BBH orbits. The cyan dashed lines pick out specific
lensing-probability contours. The black region denotes unphysical
outer orbits set by the innermost stable circular orbit (ISCO) and the
gray region denotes unstable hierarchical triples. Above the bright
green line, the outer binary inspirals in less than a Hubble time,
and hence, as discussed in §IV, such systems may be less common.
Triple systems falling above the magenta line will have lensing du-
rations that are shorter than than 100 seconds, and are, hence, not
detectable at the (∼ 10−2 Hz) GW frequency band of interest.
2. In the slowly-moving regime, the outer binary does not
execute a full orbit while GWs from the inner binary
are detectable, and the above probability is simply de-
creased by the fraction of an outer orbit that is observed.
Psm ≈ min
{
τobsfo
2
, 1
}
Prl. (5)
3. In the stationary-lens regime the probability decreases
to the ratio of the area enclosed by the Einstein radius
to the sphere of possible positions of the inner binary
on its orbit at an arbitrary inclination around the lens,
Psl ≈ GML
aoc2
=
GML
c3
2pifo(
GMo
c3
2pifo
)1/3
≈
(
GMo
c3
2pifo
)2/3
. (6)
We label the general probability of a lensing event, encom-
passing all of the above lensing regimes, P .
Figure 1 shows contours of these lensing probabilities for a
range of relevant outer binary frequencies (vertical axis) and
lens masses (horizontal axis). Here purple contours denote
low probabilities and yellow denotes high probabilities, with
the labeled dashed-cyan lines delineating 1%, 10%, and 50%
probabilities. These probabilities are computed assuming that
the emitting BBH falls within one Einstein radius of the lens
in projection, for randomly oriented outer orbits. The black
and gray regions shade forbidden orbits due to the innermost
stable circular orbit (ISCO) of the outer binary, and triple sta-
bility (Eq. 2), respectively.
The white labeled lines are drawn to delineate the three
different timescale regimes discussed above. It is apparent
that the highest probabilities for lensing occur for short outer
orbits, in the repeating-lens regime, while chance lensing of
BBHs on longer period orbits are rare. As we will discuss
in the next section, however, shorter outer orbits may be de-
pleted by rapid orbital decay into the central SMBH. In green
we have drawn a line where the GW-induced inspiral time of
the BBH into the SMBH is equal to the Hubble time, for a cir-
cular outer orbit. Systems falling above this green line are less
likely to last long enough to fulfill their full lensing probabil-
ity. The magenta line denotes systems above which the lens-
ing timescale is shorter than the period of a GW at 10−2 Hz.
The majority of triple parameter space allows lensing flares
that are long enough in duration for detection in the LISA
band.
To draw Figure 1, we have chosen an inner-binary with
equal mass components and a total mass of 50M, and an
observation time of 8 yrs. This corresponds to a maximum
observation time in the LISA band [e.g., Ref. 33]. For longer
(shorter) observation times, the white lines delineating the dif-
ferent lensing regimes shift downwards (upwards). Hence,
this plot is qualitatively similar for year timescale observa-
tions that would apply to BBH inspirals that leave the LISA
band during the LISA mission, or for those observed in a 4-
year mission. For the heavy stellar-mass BBHs that can be
observed for year timescales with LISA, the most promis-
ing lensing systems are those with a ∼ 0.1 − 8 year outer-
orbital period and a central SMBH with mass in the range of
105M − 1010M. As discussed above, the lensing magnifi-
cation will be low in the LISA band for SMBH lenses below
105M.
D. Magnification
In the case of a point mass lens, the GW-amplitude mag-
nification factor due to lensing can be written in terms of the
parameter χ [16], defined in Eq. (2),
4F (χ) = exp
{
pi2χ
2
+
√−1piχ [log (piχ)− 2φm(u)]
}
Γ
(
1−√−1piχ) 1F1 (√−1piχ, 1;√−1piχu2) (7)
φm(u) ≡ (xm − u)2 /2− log xm, xm = u+
√
u2 + 4
2
where u is the separation between source and lens in units
of Einstein radii, rE =
√
4GML/c2ao sin Io sin (2pi/Pot),
assuming a circular orbit here and for outer binary inclination
Io [see e.g., Ref. 31], and 1F1 is the confluent hypergeometric
function of the first kind.
For χ 1 the GWs are diffracted by the BH, causing very
little magnification. As χ approaches unity, however, GWs
traversing the lens BH, being coherent, interfere resulting in
a time-oscillatory magnification with amplitude approaching
that of the point mass geometrical optics limit (|µ+| + |µ+|)
and oscillation frequency given by the lens time delay τd and
the GW frequency,
|F |2 → |µ+|+ |µ+|+ 2|µ+µ−|1/2 sin (2pifGW,iτd), (8)
where µ± = 1/2±(u2+2)/(2u
√
u2 + 4), and the time delay
between the two lensing ‘images’ is given by
τd = 4ML
[
u
2
√
u2 + 4 + ln
(√
u2 + 4 + u√
u2 + 4− u
)]
, (9)
and where again, ML is the redshifted quantity. In the next
section we explore magnification signatures in the GW ampli-
tude.
III. LENSING SIGNATURES
In Figure 2, we plot the characteristic strain vs. GW fre-
quency tracks of possible lensed BBH inspirals. The orange
curves are the unlensed sky and polarization averaged char-
acteristic strains for BBHs on circular orbits, with no proper
motion with respect to the observer. That is, the orange tracks
have characteristic strain,
hc,0 =
8pi2/3√
10
G5/3
c4
M5/3i f2/3GW,i
d(z)
min
[√
fGW,iτLISA,
√
f2i
f˙i
]
,
(10)
where Mi fGW,i, and fi are the redshifted quantities and so
d(z) is the luminosity distance to the source. The quantities in
brackets denote the number of observed cycles per frequency
bin given the LISA mission lifetime τLISA, which we assume
to be 8 years. Plotting this quantity gives a good by-eye es-
timate of the signal to noise ratio [see e.g., Ref. 36, 37]. We
plot each of the two orange curves for a Mi = 50M, qi = 1
binary, but at two different redshifts, z = 0.05 and z = 0.2,
for visualization purposes.
The overplotted purple curves are the lensed and Doppler-
boosted versions of the orange curves in the stationary-
lens (upper curve) and repeating-lens (lower curve) regimes.
These are computed as,
hc,obs = DF (χ)hc,0 (11)
where the time dependent Doppler factor, D =[
γo
(
1− β||,o(t)
)]1
, for a Lorentz factor γo and line of
sight orbital speed β||,o(t) of the outer binary, and F (χ) is
the lensing magnification given by Eq. (8). While the GW
amplitude is not affected to first order by a boost, this factor
ofD appears in the frequency and chirp mass terms just as the
cosmological redshift does (see the Appendix). We note that
we have neglected the Doppler boost of the GW frequency
that appears in the lensing magnification (through χ) because
lensing only occurs when the line of sight velocity of the
orbit crosses zero. For simplicity in describing the lensing
signature we also neglect  1% finite light-travel-time
effects due to the extent of the outer orbit.
The upper curve in Figure 2 (z = 0.05, stationary lens),
assumes ML = 105M in the stationary-lens regime with a
source position of u = 1. While this case has a low probability
for occurrence, it is the GW-lensing scenario most commonly
studied – see similar magnification curves in Takahashi and
Nakamura [16], Christian et al. [18] – and we present it here
to contrast with the repeating-lens scenario. For reference,
we draw lines of constant χ = 0.1, 1, 10 in green, denoting
the wave-optics regime to the left, and the geometrical optics
regime to the right of the χ = 1 line. For lower GW frequen-
cies, earlier in the BBH evolution the emitted GWs are longer
than the size of the lens BH and are diffracted, resulting in low
magnification of the inner BBH GW emission. As the binary
frequency evolves to higher values, the full geometrical optics
limit magnification is reached and interference causes oscil-
lation of the lensing magnification at an increasing frequency
given by Eqs. (8) and (9). Interestingly, the wave-optics to
geometrical optics transition occurs just as the binary leaves
the LISA band.
The lower purple curve (z = 0.2, repeating lens) assumes
a lens SMBH with mass ML = 105M, and outer-orbital
period of Po = 0.25 yr, squarely in the repeating-lens regime
for a multi-year LISA mission. The binary inclination is set so
that the closest separation between source and lens is one Ein-
stein radius (u = 1). This case corresponds to a lensing prob-
ability of P ∼ 0.01, denoted by the purple ‘x’ in Figure 1. In
this case, lensing manifests as repeated, symmetric spikes in
the GW amplitude that last for of order 0.5PrlPo = 14 hrs
each, for the example drawn here. Figure 3 zooms in on
these lensing flares. In the left panel of Figure 3, one can see
the much smaller Doppler-boost oscillation between lensing
flares (essentially a time-variable redshift), crossing D = 1
during the lensing flare, as the line-of sight orbital velocity
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FIG. 2: Example lensing strain tracks for a 50M BBH with equal mass components orbiting a 105M SMBH (lens). The orange lines rep-
resent the unlensed characteristic strain amplitude of the BBH inspiral and purple curves represent the lensed characteristic strain amplitudes.
The upper purple track, which oscillates in amplitude as it leaves the LISA band, is drawn for the (much less probable) stationary-lens case,
where the merging BBH is on a wide orbit around the central SMBH and has a projected separation from the SMBH lens of one Einstein radius
(u = 1). The lower amplitude track is for a BBH on a 0.25 year orbit that is lensed 32 times over the 8 years until merger considered here.
The closest approach of the inspiraling BBH source and the SMBH lens is one Einstein radius (u = 1), at the peak of the lensing flares. Green
vertical lines denote where the geometric factor χ is equal to 0.1, 1, and 10, with χ ≤ 1 denoting the wave-optics lensing regime. The two
inspirals are placed at redshifts z = 0.05 and z = 0.2 for ease of visualization. The black line is the LISA sensitivity curve from [34], while
the gray curves represent the sensitivities of LIGO O2 and a planned third generation detector [the Einstein Telescope 35]. The repeating-lens
case is explored further in Figure 3.
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FIG. 3: Successive zoom-in on the repeating-lens case of Figure 2. The left panel captures all 32 lensing events and the right panel zooms in
on the event with the highest SNR in LISA, which occurs at χ ≈ 0.2, approaching the geometrical optics regime. The duration of the lensed
signal in the right panel is approximately 14 hours.
crosses zero. The right panel of Figure 3 zooms in on the flare
with the highest SNR, at the ‘knee’ of the strain track near
2 × 10−2 Hz. Depending on when the final lensing event oc-
curs with respect to merger, such a flare could occur in the
LIGO band, but with probability (τLIGO/Po)Prl instead of
Prl.
We note that in each of the lensing events drawn in Figure
2, we have chosen the marginal source and lens separation for
our definition of a strong-lensing event, u = 1, and a lens
mass on the small end of the SMBH spectrum. Because the
lensing magnification increases with smaller u and larger lens
mass (through χ), these strain tracks are conservative exam-
ples of possible lensing signatures.
6IV. ASTROPHYSICAL POPULATION
We have shown that strong lensing of GWs from a BBH
in a hierarchal triple system can occur at a few to a few tens
of percent of systems with outer orbits that are comparable
to or shorter than the detectable lifetime (τobs) of the inspi-
raling inner binary. We have also shown that lensing causes
a unique signature in the GW amplitude that can manifest
from the time-dependent magnification due to the moving and
frequency-evolving GW source. We now estimate how many
such systems should exist based on possible BBH populations.
A. General Consideration
We first take an approach agnostic to specific formation
channels and assume only that some fraction of BBH mergers
occur in the clusters surrounding SMBHs and that the number
of BBHs per outer-orbital semi-major axis, dNBBH/dao, that
will merge, follows a power-law distribution in the outer bi-
nary semi-major axis ∝ aγo , but depleted at close separations
by GW decay into the SMBH. That is,
dNBBH
dao
∝ aγomin
[
tGW(ML,Mi, ao)
tH
, 1
]
, (12)
where tH is the Hubble time, and we assume circular outer-
binary orbits (however, see §V). Below we will consider a
Bahcall-Wolf cusp (with a stellar number density proportional
to a−7/4o implying γ = 1/4), [Ref. 38, 39] and also a distribu-
tion uniform in log separation (number density proportional to
a−3o implying γ = −1) motivated by the models of Ref. [40].
Given the BBH merger rate RBBH, probability P for lens-
ing as a function of distance from the SMBH ao and SMBH
mass ML, and the fraction of mergers ξ that occur in nuclear
clusters with the assumed BBH distribution, we compute the
lensed merger rate for a given lensing regime,
Rlens,∗ = ξRBBH
∫
ML
∫ amax,∗
amin,∗
P (ML)
dNBBH
dao
P(ao,ML) dao dML∫
ML
∫ rinfl
rISCO
P (ML)
dNBBH
dao
dao dML
, (13)
where amin,∗ to amax,∗ is the range of outer-orbital separa-
tions where the given lensing regime (denoted by *) is valid.
The normalization integrates over the entire distribution be-
tween SMBH ISCO and the radius of influence of the BH,
rinfl = GML/σ
2, for a stellar velocity dispersion σ that we
take to be 100 km/s (with our results being fairly insensitive
to this choice). The numerator also integrates over the SMBH
population by incorporating the BH mass function P (ML),
from [41], normalized to integrate to unity over the range
106 − 5× 109M.
We denote Rlens,rl the rate of occurrence of repeating-
lens systems where amin,rl = rISCO(ML) and amax,rl =
(τobs/(2pi))
2/3(GMo)
1/3. We denote Rlens,s the combined
rate of the slowly-moving and stationary lensing systems,
where amin,s = amax,rl and amax,s = rinfl(ML).
Figure 4 plotsRlens,rl, in units of the number of BBH merg-
ers that occur in galactic nuclei ξRBBH, vs. the time τobs that
the inner BBH can be observed in GWs, for the case of the
γ = −1 merger distribution. The lensing rate increases lin-
early with τobs, and then saturates for observation times above
approximately one year. This is because outer orbits that are
shorter than about Po ∼ 0.13 yr (for ML ≥ 105M and
Mi = 50M) will decay into the SMBH in less than a Hub-
ble time, and hence decrease dNBBH/dao.
For fiducial values of σ = 100 km/s, qi = 1, and Mi =
50M, and assuming a range of Bahcall-Wolf cusp to log-
uniform number per outer binary separation distributions of
BBHs, the limiting value of the lensing rate is, for τobs & 1 yr,
Rlens,rl
ξRBBH ;→ 0.0001%− 0.7%
Rlens,s
ξRBBH ;→ 0.0002%− 0.007%
γ = {1/4,−1} .
Therefore for the steeper, γ = −1 distributions, lensing
probabilities reach the percent level, and are found in the
rapidly moving source regime, which has not been considered
in previous works. Note that while the Bahcall-Wolf cusp
predicts many more possible BBHs far from the SMBH, in
the stationary-lens regime, the lensing probabilities are much
lower, and so the only high-lensing probability scenarios arise
for steep BBH distributions in the repeating lens regime. This
estimate implies that for the γ = −1 case, if at least 150 BBH
systems with & 1 yr to merge are found in LISA, at least one
would exhibit a time-dependent lensing flare in the GW am-
plitude.
B. Specific Channels
1. Single-Single Capture in Nuclear Star Clusters
Ref. [40] compute the distribution of mergers due to BH-
BH GW induced captures in the BH cusps of nuclear star clus-
ters. They find that the distribution of mergers is roughly con-
stant per log distance from the BH. They also find ∼ 30% of
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Mi=100M⊙
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B
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FIG. 4: Probability for repeating-lens events occurring around
SHBs, assuming a constant-in-log-separation distribution of outer-
binary orbits, and depleted at close separations due to GW decay of
the outer binary.
such BBH mergers occur within 104GML/c2 of the central
SMBH. This projection is consistent with our simple approx-
imation for γ = −1 in the previous section. Hence, one could
interpret the results of the previous subsection as predicting
that one percent of GW-capture mergers will be lensed in the
LISA band. An important point to consider, however, is that
the lifetime of BBHs formed in such extreme dynamical chan-
nels will be greatly shortened due to the high initial eccentrici-
ties required for single-single BH capture. If the BBH lifetime
falls below the period of the outer-binary orbit, then the lens-
ing probability also decreases.
The maximum lifetime of single-single BBH mergers is
given in [40] as tmrg,i ≤ 4piGMi/v3rel, where vrel is the rel-
ative velocity between two BHs before capture. For merger
times shorter than the outer-orbital period, we must decrease
our rate estimate above by a factor of tmrg,i/Po. Taking the av-
erage relative velocity between BHs in the nuclear star cluster
to be on average the circular velocity, vrel ∼
√
GML/ao ∼
1400 km/s, at Po = 1 yr and ML = 105M, and using our
fiducial BBH mass of 50M, we see that single-single cap-
tures with such high relative velocity will only last for ∼ 9
hours – effectively eliminating chances to observe lensing for
these systems because such eccentric mergers will ensue be-
fore completing an orbit around the central SMBH. They may
also not appear in LISA at all due to their high eccentricities
[40, 42, 43]. If, however, the relative velocity is estimated at
the velocity dispersion of ∼ 100 km/s, then the lifetime of
the inner binary is again of order years, predicting eccentric
lensed mergers in the LISA band. A combination of eccen-
tricity and the appearance of lensing signatures could serve
as a probe of the properties of nuclear clusters in the single-
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FIG. 5: The same as Figure 1, except we draw characteristic loca-
tions of the outer-binary orbit in the migration trap (dark-blue dashed
lines) and binary-EMRI (red dot-dashed line) scenarios discussed in
the text.
single GW capture scenario.
2. The AGN channel and migration traps
Within the AGN channel for merging BBHs [e.g., 26],
gaseous torques can migrate BHs through an AGN disk.
Within some models of AGN disks, peaks in the disk den-
sity profile can cause torques with opposite signs outward and
inward of the density peak. This causes a radial migration trap
that can bring two BHs to the location of the trap where they
can merge, and even build up larger, second generation merg-
ers [23, 44, 45]. Figure 5 replicates Figure 1 but includes the
location of two possible migration traps from the literature,
drawn as dark-blue dotted lines. These traps are located at 49
and 662 gravitational radii from the central SMBH [46]. If
the migration traps can hold the outer binary, and if gas forces
do not merge the inner binary too quickly1, then such migra-
tion trap binaries would have a high probability of exhibiting
repeating-GW-lens flares, as well as a strong Doppler boost
signature. Hence, lensing could also be a powerful discrimi-
nator for migration traps, and the AGN channel in general.
3. binary-EMRI capture
In the tidal capture scenario, a binary black hole in the
vicinity of a SMBH passes close to the tidal break-up radius
1 Generally, the affect of a gas on the binary orbit is still an unsolved problem
[e.g., 47, 48, and Duffel et. al In Prep.]
8of the binary on an eccentric orbit. Orbital energy is taken
from the outer binary and traded to the inner binary, causing
the inner binary to become eccentric. The outer binary cir-
cularizes to the original outer-pericenter distance of tens of
SMBH gravitational radii, while the inner binary circularizes
more slowly and can be emitting GWs in the LISA band. [21].
Depending on the detectable lifetime of the inner binary in the
LISA band, such tidal captures would have a high probability
of being lensed because of the tight orbit of the inner BBH
around the SMBH. In Figure 5 we plot this b-EMRI capture
radius (red dot-dashed line) for our fiducial 50M BBH with
equal mass components.
We note that in both of the above channels, the outer bi-
nary can be compact enough for detection of GWs by LISA
or a future Deci-hertz GW detector. Lensing and the Doppler
boost of GWs could be used to link the inner and outer binary
GW signals to each other. We leave further exploration of this
fascinating prospect to future work.
V. DISCUSSION
While the current predictions for the number of LISA
stellar-mass BBHs detectable with pre-warning ability for the
ground-based detectors number only in the few to tens, the
BBH inspirals that can be uncovered in LISA at lower SNR
from known LIGO mergers could number in the hundreds
[33, 49, 50]. Hence, the best case O(1%) lensing predic-
tions of the previous section are promising. The detection of a
repeating-lens event would confirm that some BBHs merge in
the environments of nuclear star clusters, close to the central
SMBH. Depending on the occurrence rate, lensing detection
would constrain the fraction of BBH mergers taking place in
nuclear star cluster, ξ. Coupled with measurements of binary
parameters such as eccentricity, lensing detections could also
constrain the processes within a nuclear star cluster that lead
to merger. That is, each of the specific merger scenarios dis-
cussed in §IV suggest different outer-binary orbital distribu-
tions as well as expected inner-and outer-binary eccentricities.
For example, single-single capture, binary-tidal capture,
and the Kozai-Lidov mechanism can generate highly eccentric
BBH inspirals in nuclear star clusters [21, 40, 51, 52]. How-
ever, so can resonant three-body processes in the BH cores of
globular clusters [e.g. 37, 53–55]. Hence, it could be difficult
to use binary parameter statistics alone to disentangle these
different formation scenarios. However, a lensing detection
would allow measurement of the central SMBH mass [e.g. 16]
and imply that the merger is occurring next to a SMBH in the
nuclear cluster at the center of a galaxy, rather than in a glob-
ular cluster. From Doppler and lensing information we will
also know the size (up to the redshift) and shape of the outer
orbit, allowing to vet the efficiency of secular effects on the
BBH inspiral, or compare to predictions from gas migration
and binary tidal capture.
Even for the non-detection of lensing events,O(100) LISA
detections of unlensed BBHs would begin to constrain the
fraction of BBH mergers occurring in nuclear star clusters,
and the distribution of mergers in such clusters.
As this work aims simply to point out the novelty and non-
negligible occurrence of repeating-lens events, we have not
computed differential SNRs for GW signals with and without
lensing, and we have not computed the accuracy of parameter
recovery from lensed waveforms. These of course, will de-
pend on the SNR of the event, and so recovery of the lensing
signature will depend on the redshift of the source. However,
Ref. [14] show that for triple systems similar to the exam-
ple repeating-lens system displayed in Figure 2, and gener-
ally those with year outer-orbital timescales, have a detectable
Doppler-boost signature (for non-face-on outer- orbital orien-
tations) for which the orbital period can be recovered at 1%
precision (for an SNR = 10 detection). With a detection of the
Doppler boost and such a precise determination of the outer-
orbital period, the time of a putative flare can be specified for
recovery from the LISA data stream. Furthermore, a ∼ 1.5
increase in amplitude over the course of hours to days, for an
already detected BBH inspiral, is very likely discernible as it
would be equivalent to a ∼ 30% change in the inferred chirp
mass for an unlensed waveform, whereas the chirp mass rela-
tive error determination is projected to be of order one part in
a million [33]. Analysis of detection and parameter recovery
for repeating-lens events should be carried out in future work.
For simplicity, we have considered only circular orbits for
both binaries. However, both inner- and outer-binary orbits
could be eccentric. Here we briefly discuss how eccentricity
could affect our results. For an eccentric binary, the decay
time will be shorter for the same outer-orbital period, mean-
ing that the green line in Figure 1 will be moved downwards
and the lensing probabilities presented in Figure 4 will satu-
rate at longer observational timescales. Typically, for average
outer binary eccentricities of e . 0.5, the decrease in orbital
decay time is less then a factor of three and our results are not
changed significantly. Eccentricity of the outer binary will
also affect the shape of the lensing flares plus Doppler signa-
ture in a predictable way that is presented for EM lensing in
Hu et al. (2019).
Eccentricity of the inner binary will also cause the inner bi-
nary to merge more quickly. As discussed in §IV B 1, highly
eccentric BBHs formed through GW capture could merge
more quickly than an outer-orbital time, greatly reducing the
lensing probability. These mergers will likely have an ec-
centricity signature in the LIGO 3rd generation or DECIGO
bands [40, 42]; evidence of high eccentricity, in conjunction
with non-detection of lensing events, could corroborate such
a scenario.
Eccentric inner binaries will also emit GWs at multiple
higher harmonics of the binary orbital frequency. Hence, the
same binary will be lensed differently for different harmonics
because the value of χ in the lensing magnification (Eq. 8)
is different for each harmonic. For high SNR lensing events
where multiple harmonics can be detected, propagation of
GWs in the wave and geometrical optics limit could be ob-
served simultaneously.
Finally, eccentricity of either binary will act to destabilize
the triple, resulting in the gray forbidden region in Figures 1
and 5 moving downwards. However, as stability only affects
very compact outer orbits, the shorter decay times of eccentric
9binaries will likely affect our results before stability becomes
an issue.
Figure 4 also shows the expected lensing rate for more mas-
sive BBH mergers, up to Mi = 1000M. While lensing of
these more massive mergers is less probable, it may be that
many more can be detected by LISA. LISA is the most sen-
sitive to such 103 − 104M mergers and could detect them
out to redshifts of z ∼ 102 [56]. If intermediate mass BH
(IMBH) mergers occur close to SMBHs in hierarchical triples,
e.g. through IMBH delivery via devoured globular clusters
[57, 58], or through BH build-up in migration traps [23], then
lensing would be a common feature in the IMBH mergers de-
tected in the LISA band.
At the opposite end of the mass spectrum, binary neutron
star, or binary white dwarf mergers could be detected by LISA
within the galaxy [59]. Hence, if such mergers occur in nearby
globular clusters harboring a putative IMBH, or the galactic
center, they could also be lensed.
While we have stressed the utility of lensing events to eluci-
date astrophysical channels for BBH formation and evolution,
we note also that observing repeating lensing of GWs emitted
from a BBH as it evolves in orbital frequency and possibly
eccentricity could allow novel tests of GW propagation.
For example, the lens magnification was derived under the
assumption that the GWs propagate following a linear wave
equation in the weak field. If this is violated by, e.g. MON-
DIAN theories of gravity that predict non-linear propagation,
then the magnification predicted here could also be altered
[see e.g. 28, 60]. Such changes to the lensing waveforms can
be worked out within a chosen modified theory. Additionally,
the oscillation of the lensed amplitude of GWs seen in both
types of lensing events in Figure 2 is set by the GW time de-
lay. If GWs do not travel at the speed of light, or interact
with themselves or the background spacetime non- linearly,
one might expect this delay time to be altered, and so directly
observable from a GW lensing event.
Such tests may be especially interesting when lensing can
be observed in both the wave and geometrical optics regimes
for the same GW source. Comparison of the two regimes
can occur at different times over the evolution of the BBH in
frequency, or in a simultaneous manner for eccentric binaries
emitting GWs at multiple harmonics.
We have not treated changes in the polarization tensor of
the GW due to lensing. These changes come in at the order
of the lensing potential experienced by the propagating GWs,
which is assumed to be much smaller than unity in the deriva-
tion of the lensing magnification [16]. In situations where the
source of GWs is within tens of gravitational radii from the
SMBH however, polarization effects could enter at the few to
ten percent level and could offer another probe of the central
SMBH spacetime.
Finally, we note that electromagnetic lensing could occur
if the BBH emits light, as might occur in the AGN chan-
nel. In that case, it is usually assumed that the AGN out-
shines the accretion powered luminosity generated by the in-
ner BBH. However, if the lensing+Doppler period is already
known, then a targeted search for that AGN periodicity in the
localized error box could help to identify the weak periodic-
ity and hence the host AGN. This would work similarly to
a lock-in amplifier where the signal dithering is generated by
the outer-binary orbit. The fractional amplitude of modulation
that could be recovered would be proportional to the precision
at which the outer-binary period can be determined from the
GW lensing plus Doppler signature. This would also allow a
direct comparison of the lensing of light and GWs as a test
of the equivalence principle [61] and also isolate the electro-
magnetic emission coming from accretion onto the BBH as
opposed to accretion onto the SMBH.
VI. CONCLUSIONS
We have shown that inspiraling BBHs in hierarchical triples
with orbital periods of order a year around a tertiary SMBH,
emit GWs in the LISA band that have up to a percent prob-
ability of being repeatedly strongly lensed by the SMBH.
This lensing probability is only large when GWs from the in-
spiraling BBH can be observed for the orbital period of the
BBH around the SMBH or longer and when the decay time
of the BBH into the SMBH is of order a Hubble time or
longer. The balance of the two sets the required O(yr) or-
bital timescales. These short outer-orbital timescales can be
populated for steep distributions of BBHs around the central
SMBH (dN/da0 ∝ a−1o or steeper) that have been shown to
occur for single-single GW capture scenarios or via migra-
tion traps in AGN disks, or through binary tidal capture by the
central SMBH. LISA has the best chance of discovering such
a repeating-lens event, because it will be able to detect inspi-
raling BBHs for the final years of their lives and because it
could detect up to hundreds of such events [33, 50, 59, though
fewer at high SNR].
The characteristic signature of these lensing events is mag-
nification by a factor of ∼ 1.1× to 2× (cf. Eq. 8) of the GW
amplitude for a duration of ∼ 0.01 of the period of the BBH
in its orbit around the SMBH (hours to days). The event will
repeat once every outer-binary orbital period and be accom-
panied by detectable deviations in the GW phase due to the
relativistic Doppler boost [e.g., 14]. A detection of this phe-
nomenon will provide the mass of the central SMBH, helping
to constrain BBH formation scenarios, specifically pointing
to formation in nuclear star clusters. Detection of time and
frequency variable lensing of GWs could also provide a new
testing ground for theories of gravity. Non-detection will put
upper limits on the fraction of BBHs formed in the vicinity of
SMBHs and the astrophysical processes that form them.
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Appendix A: Effect of the Doppler Boost on the GW Amplitude
We sketch a derivation of the relativistic Doppler boost for-
mula for GWs, ignoring at first any cosmological redshift. We
consider a GW in the time domain with frequency f , ampli-
tude |h(t(f))| and phase φ(t(f)) (for notational simplicity, we
will write |h(f)| hereafter). We do not consider the detection
of different GW polarizations, although see Ref. [62].
In the rest frame of the GW emitting source the GW fre-
quency at any time is given by fem. In the frame of an observer
for which the source has a relative speed β = v/c with a frac-
tion β|| along the line of sight, the observed GW frequency is
fobs = Dfem, where the Doppler factor D is,
D ≡ [γ (1− β||)]−1 (A1)
with γ =
(
1− β2)−1/2. Then the measured phase of the
wave changes over time due to the Doppler boost. The phase
accumulated over an observation time of length τ is
φ(τ) =
∫ t0+τ
t0
piDfemdt. (A2)
which has been considered in many other works [see Ref. 14,
and references therein]
We also consider the affect of the Doppler boost on the
wave amplitude. Just as for electromagnetic waves, we use
that the photon/graviton occupation number is Lorentz invari-
ant,
IE
E3
=
If
f3
= Invar., (A3)
where E is the energy of a photon or graviton, f is the wave
frequency and the first equality makes the assumption that the
energy and frequency of a gravitational wave are related lin-
early.2 If is the specific intensity of the radiation.
For GWs, occupation number is still a Lorentz invariant
and the transformation of the specific intensity still holds, but
we are interested in the transformation of the wave amplitude
|h(f)|. The specific intensity and |h(f)| are related by
|h(f)|2 = pic
3
4G
f−2
dE
dAdt
=
pic3
4Gf2
∫
If dΩdf, (A4)
and for gravitational waves we can write,
If ≡ dEn
dAdtdΩdf
=
1
4pir2(z)
dP
dΩ
δ (f − nfK) (A5)
where dP/dΩ is the angle dependent emitted power, fK is
the Keplerian orbital frequency, and GWs are emitted with
frequency at the nth harmonic of fK . Using that Ifobs =
D3If,em, dΩobs = D−2dΩem, dfobs = Ddfem and integrating
we find,
|h(fobs)|2n,obs = |h(fobs/D)|2n,em. (A6)
This may also be found by simply transforming the first quan-
tity in Eq. (A4), using that dEobs = DdEem, dAobs = dAem,
and dtobs = D−1dtem.
Dropping the n subscript, the characteristic strain, h2c(f) =
|h(f)|2f2/f˙ , transforms the same as |h(f)| because f˙obs =
D2f˙em, that is, the number of cycles per frequency bin is in-
variant. The Fourier transform of the strain amplitude is given
by |h˜(fobs)|2obs = D−2|h˜(fobs/D)|2em, where the extra factor
of D−2 from Eq. (A6) simply accounts for the extra factor of
f˙ in |h˜(f)|2.
Hence, the transformation of the strain amplitude does not
explicitly contain the Doppler factor, but the amplitude is al-
tered by its dependence on the frequency. This frequency de-
pendence arises for the same reason that the electromagnetic
Doppler formula is written with aD3−α dependence for a spe-
cific intensity that goes as f−α, and for the same reason that
the redshifted GW amplitude depends on the luminosity dis-
tance and not the co-moving distance.
We can then write the strain amplitude for the inner-binary
in terms of observed quantities as,
|hi| ∝ DM
5/3
i f
2/3
i
d(z)
g(Ii), (A7)
where g(Ii) is the inclination dependence of the inner binary
and d(z) is the luminosity distance to the source. This follows
from the relations
f =
D
1 + z
fem, f˙ =
(
D
1 + z
)2
f˙em,
M∝ f˙3/5f−11/5. (A8)
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